The convolved Fibonacci numbers F (r) j are defined by (1 − x − x 2 ) −r = j≥0 F (r) j+1 x j . In this note we consider some related numbers that can be expressed in terms of convolved Fibonacci numbers. These numbers appear in the numerical evaluation of a constant arising in the study of the average density of elements in a finite field having order congruent to a(mod d). We derive a formula expressing these numbers in terms of ordinary Fibonacci and Lucas numbers. The non-negativity of these numbers can be inferred from Witt's dimension formula for free Lie algebras.
Introduction
Let {F n } ∞ n=0 = {0, 1, 1, 2, 3, 5, . . .} be the sequence of Fibonacci numbers and {L n } ∞ n=0 = {2, 1, 3, 4, 7, 11, . . .} the sequence of Lucas numbers. It is well-known and easy to derive that for |z| < ( √ 5−1)/2, we have (1−z−z 2 ) −1 = ∞ j=0 F j+1 z j . For any real number r the convolved Fibonacci numbers are defined by
The Taylor series in (1) converges for all z ∈ C with |z| < ( √ 5 − 1)/2. In the remainder of this note it is assumed that r is a positive integer. Note that F (r) m+1 = j 1 +···+jr=m F j 1 +1 F j 2 +1 · · · F jr+1 , where the sum is over all j 1 , . . . , j r with j t ≥ 0 for 1 ≤ t ≤ r. We also have F The earliest reference to convolved Fibonacci numbers the author is aware of is a book by Riordan [8] , who proposed as an exercise (at p. 89) to show that Convolved Fibonacci numbers have been studied in several papers, for some references see, e.g., Sloane [9] . In Section 4 we give a formula expressing the convolved Fibonacci numbers in terms of Fibonacci-and Lucas numbers. To the knowledge of the author it has only been shown previously (by Hoggatt and Bicknell-Johnson [1] who used a different method) that this holds for F (2) j+1 . In this note our main interest is in numbers G (r) j+1 and H (r) j+1 analogous to the convolved Fibonacci numbers, which we name convoluted convolved Fibonacci numbers, respectively sign twisted convoluted convolved Fibonacci numbers. Given a formal series f (z) ∈ C[[z]], we define its Witt transform as
where as usual µ denotes the Möbius function. For every integer r ≥ 1 we put
Similarly we put
On comparing (3) with (1) one sees that
In Tables 1, 2 and 3 below some values of convolved, convoluted convolved, respectively sign twisted convoluted convolved Fibonacci numbers are provided. The purpose of this paper is to investigate the properties of these numbers. The next section gives a motivation for studying these numbers.
Evaluation of a constant
Let g be an integer and p a prime not dividing g. Then by ord g (p) we denote the smallest positive integer k such that g k ≡ 1(mod p). Let d ≥ 1 be an integer. It can be shown that the set of primes p for which ord g (p) is divisible by d has a density and this density can be explicitly computed. It is easy to see that the primes p for which ord g (p) is even are the primes that divide some term of the sequence {g r + 1} ∞ r=0 . A related, but much less studied, question is whether given integers a and d the set of primes p for which ord g (p) ≡ a(mod d) has a density. Presently this more difficult problem can only be resolved under assumption of the Generalized Riemann Hypothesis, see , e.g., Moree [5] . In the explicit evaluation of this density and also that of its average value (where one averages over g) [4] , the following constant appears:
, where χ is a Dirichlet character and the product is over all primes p. Recall that the Dirichlet L-series for
The Artin constant, which appears in many problems involving the multiplicative order, is defined by
The following result, which follows from Theorem 2 (with f (z) = −z 3 /(1−z−z 2 )) and some convergence arguments, expresses the constant B χ in terms of Dirichlet L-series. Since Dirichlet L-series in integer values are easily evaluated with very high decimal precision this result allows one to evaluate B χ with high decimal precision.
where e(j, r) = G (r)
where f (j, r) = (−1) r−1 H (r) j−3r+1 . Proof. Moree [4] proved part 2, and a variation of his proof yields part 1. 2
In the next section it is deduced (Proposition 1) that the numbers e(j, r) appearing in the former double product are actually positive integers and that the f (j, r) are non-zero integers that satisfy sgn(f (j, r)) = (−1) r−1 . The proof makes use of properties of the Witt transform that was introduced in [6] .
Some properties of the Witt transform
We recall some of the properties of the Witt transform (as defined by (2)) and deduce consequences for the (sign twisted) convoluted convolved Fibonacci numbers.
. Then, as formal power series in y and z, we have
Moreover, the numbers m f (j, r) are integers. If
for some numbers n(j, r), then n(j, r) = m f (j, r).
For certain choices of f identities as above arise in the theory of Lie algebras, see, e.g., Kang and Kim [2] . In this theory they go by the name of denominator identities.
are both non-decreasing.
In Moree [6] several further properties regarding monotonicity in both the j and r direction are established that apply to both G j . It turns out that slightly stronger results in this direction for these sequences can be established on using Theorem 8 below.
Consequences for
More is true, however:
, if r ≡ 2(mod 4) and j is odd;
4) The sequences {G
The proof easily follows from Theorem 3.
Convolved Fibonacci numbers reconsidered
We show that the convolved Fibonacci numbers can be expressed in terms of Fibonacci and Lucas numbers.
Theorem 4 Let j ≥ 0 and r ≥ 1. We have
In particular, 5F
(2)
Proof. Suppose that α, β ∈ C with αβ = 0 and α = β. Then it is not difficult to show that we have the following partial fraction decomposition:
where (
Using the Taylor expansion (with t a real number)
Note that 1 − z − z 2 = (1 − αz)(1 − βz) with α = (1 + √ 5)/2 and β = (1 − √ 5)/2. On substituting these values of α and β and using that α − β = √ 5, αβ = −1, L n = α n + β n and F n = (α n − β n )/ √ 5, we find that
), the proof is completed.
2
Let r ≥ 1 be fixed. From the latter theorem one easily deduces the asymptotic behaviour of F j+1 in terms of Fibonacci-and Lucas numbers. In doing so it is convenient to work with the characteristic function χ of the integers, which is defined by χ(r) = 1 if r is an integer and χ(r) = 0 otherwise. We demonstrate the procedure for r = 2 and r = 3. By (4) we find 2H
) and
). By Theorem 4 it then follows for example that
The asymptotic behaviour, for r fixed and j tending to infinity can be directly inferred from (4) and Proposition 2.
Proposition 3 With the same notation and assumptions as in Proposition 2 we have H
The numbers H (r)
j+1 for fixed j
In this section we investigate the numbers H (r) j+1 for fixed j. We first investigate this question for the convolved Fibonacci numbers.
The coefficient
r . By the multinomial theorem we then find
where the multinomial coefficient is defined by
Example. We have F
.
This gives an explicit description of the sequence {F
which is sequence A006504 of [9] .
The sequence {(
is a polynomial sequence where the degree of the polynomial is m 1 + · · · + m k . It follows from this and (5) that {F
is a polynomial sequence of degree max{n 1 +· · ·+n j | j k=1 kn j = j} = j. The leading term of this polynomial in r is due to the multinomial term having n 1 = j and n t = 0 for 2 ≤ t ≤ j. All other terms in (5) are of lower degree. We thus infer that
We leave it to the reader to make this more precise by showing that the coefficient of r j−1 is 3/(2(j − 2)!). If n 1 , . . . , n j satisfy max{n 1 + · · · + n j | j k=1 kn j = j} = j, then j!/(n 1 ! . . . n j !) is an integral multiple of a multinomial coefficient and hence an integer. We thus infer that j!F (r) j+1 is a monic polynomial in Z[r] of degree j. Note that the constant term of this polynomial is zero. To sum up, we have obtained:
Theorem 5 Let j, r ≥ 1 be integers. There is a polynomial
with A(j, 0) = 0 such that F (r) j+1 = A(j, r)/j!. Using this result, the following regarding the sign twisted convoluted convolved Fibonacci numbers can be established. In general we have
Let j ≥ 3 be fixed. As r tends to infinity we have
Proof. Using that d|n µ(d) = 0 if n > 1, it is easy to check that
The remaining assertions can be all derived from (4), (5) and Theorem 5. 2
Monotonicity
Inspection of the tables below suggests monotonicity properties of F
j and H (r) j to hold true.
is a strictly increasing sequence. The proof of this is easy. For the proof of part 2 one can make use of the following simple observation.
We conclude this paper by establishing the following result:
is a strictly increasing sequence.
is a strictly increasing sequence. The proof rests on expressing the entries of the above sequences in terms of certain quantities occurring in the theory of free Lie algebras and circular words (Theorem 8) and then invoke results on the monotonicity of these quantities to establish the result.
Circular words and Witt's dimension formula
We will make use of an easy result on cyclic words. A word a 1 · · · a n is called circular or cyclic if a 1 is regarded as following a n , where a 1 a 2 · · · a n , a 2 · · · a n a 1 and all other cyclic shifts (rotations) of a 1 a 2 · · · a n are regarded as the same word. A circular word of length n may conceivably be given by repeating a segment of d letters n/d times, with d a divisor of n. Then one says the word is of period d. Each word belongs to an unique smallest period: the minimal period.
Consider circular words of length n on an alphabet x 1 , . . . , x r consisting of r letters. The total number of ordinary words such that x i occurs n i times equals
where n 1 + · · · + n r = n. Let M(n 1 , . . . , n r ) denote the number of circular words of length n 1 + · · · + n r = n and minimal period n such that the letter x i appears exactly n i times. This leads to the formula
whence it follows by Möbius inversion that
Note that M(n 1 , . . . , n r ) is totally symmetric in the variables n 1 , . . . , n r . The numbers M(n 1 , . . . , n r ) also occur in a classical result in Lie theory, namely Witt's formula for the homogeneous subspaces of a finitely generated free Lie algebra L: if H is the subspace of L generated by all homogeneous elements of multidegree (n 1 , . . . , n r ), then dim(H) = M(n 1 , . . . , n r ), where n = n 1 + · · · + n r .
In Theorem 8 a variation of M(n 1 , . . . , n r ) appears.
Lemma 2 [6] . Let r be a positive integer and let n 1 , . . . , n r be non-negative integers and put n = n 1 + · · · + n r . Let
), if n 1 ≡ 2(mod 4) and 2|gcd(n 1 , . . . , n r ),; M(n 1 , . . . , n r ) otherwise.
The numbers V 1 (n 1 , . . . , n r ) can also be interpreted as dimensions (in the context of free Lie superalgebras), see, e.g., Petrogradsky [7] . The numbers M and V 1 enjoy certain monotonicity properties.
Lemma 3 [6] . Let r ≥ 1 and n 1 , . . . , n r be non-negative numbers.
1) The sequence {M(m, n 1 , . . . , n r )} ∞ m=0 is non-decreasing if n 1 + · · · + n r ≥ 1 and strictly increasing if n 1 + · · · + n r ≥ 3.
2) The sequence {V 1 (m, n 1 , . . . , n r } ∞ m=0 is non-decreasing if n 1 + · · · + n r ≥ 1 and strictly increasing if n 1 + · · · + n r ≥ 3.
Using (6) one infers (on taking the logarithm of either side and expanding it as a formal series) that
where (n 1 , . . . , n r ) = (0, . . . , 0) is excluded in the product. From the latter identity it follows that The left hand side of the latter equality equals (1 − z − z 2 − y)/(1 − z − z 2 ). On invoking (8) with z 1 = z, z 2 = z 2 and z 3 = y the claim regarding G (r) j follows from the uniqueness assertion in Theorem 2.
The proof of the identity for H (r) j+1 is similar, but makes use of identity (9) instead of (8) . 
